Abstract
Introduction
Since the early days of civilization natural waters have been used as disposal places for human waste. At the beginning, there was no problem because the amount of the waste was not at a significant level and the content of the waste was simple. As the civilization progress and human population increase, the amount of the waste rises rapidly and the content of the waste is getting complex. The behavior of the pollutants in the water has been modeled by the advection-diffusion equation, see [1] . Developing a solution becomes important to interpret how the amount changes. The mathematical expression of three-dimensional advection-diffusion equation without the source term is given as follows:
where t is time, C is the concentration of the pollution or substance, x, y and z are the spatial directions in cartesian coordinates, U, V and W represent the velocity components of the water in each direction and D x , D y and D z are the diffusivity coefficients in each direction.
In this paper, for the sake of clarity, one-dimensional advection-diffusion equation, which is defined in Eq. (2), is studied.
where U and D x are constant. The spatial and temporal step sizes are denoted by ∆x and ∆t, respectively. Moreover, Courant number, Cr, is computed as U∆t/∆x and the Peclet number, Pe, is obtained as U∆x/D x .
In order to reduce the amount of existing wastes in natural waters and to manage wastes which are disposed, properly, Eq. (2) must be solved accurately. However, Eq. (2) consists of two different types of processes which are advection (hyperbolic) and diffusion (parabolic). Even if these processes occur simultaneously, they refer extremely different events. Advection process happens in flow direction while diffusion process happens in both directions. This situation creates challenging problem for solving such equations. For this reason, many researchers developed different methods to solve Eq. (2) accurately. Some of these methods are classical finite difference method [2] , high-order finite element method [3] , high-order finite difference methods [4, 5] , green element method [6] , cubic and extended B-spline collocation methods [7] [8] [9] , cubic, quartic and quintic B-spline differential quadrature methods [10, 11] , method of characteristics unified with splines [12] [13] [14] , cubic trigonometric B-spline approach [15] , Taylor collocation and Taylor-Galerkin methods [16] , Lattice Boltzmann method [17] . Moreover, non-linear advection-diffusion equation is studied in [18] .
The outline of the present paper is as follows: Section 2 is dedicated to derivation and the convergence analysis of the proposed method. To obtain the solution of Eq. (2) method of characteristics with cubic spline interpolation (MOC-CS) and Saulyev method are used for advection and diffusion parts, respectively. Section 3 presents the results of the proposed method on one-dimensional advection-diffusion problems by taking different diffusion constants. The effectiveness of the proposed method is tested for several Caurant numbers. Obtained results are compared with the analytical solution and also the available results of the other researchers in the literature.
Derivation of the proposed method
The purpose of this section is to introduce the proposed method in details. The method is mainly based on Lie-Trotter splitting method, or sequentially spilitting, which is a kind of operator splitting method. By the help of the Lie-Trotter splitting method Eq. (2) is divided into the two sub-problems. In order to obtain the solution of each subproblems MOC-CS and Saulyev method are used, respectively. The convergence of the method is analyzed as well as the derivation.
Lie-Trotter operator splitting method
This method is a first-order splitting method and solves the problem sequentially. When its applied to Eq. (2), the problem will be split into two sub-problems such as advection and diffusion problems. The mathematical representation of it as follows [19] : 
where Eq. (6) represents the characteristics line in the plane (x,t). Eq. (5) shows that the concentration value of the advection process is not changed, see Figure 1 . Also, the solution of the advection process with MOC-CS is independent of time. Thus, the exact solution of Eq. (3) can be written as follows: To obtain the concentration value on the next time step in Eq. (7) the concentration value at the point x ො i which is located between the nodal points should be found. To do so, interpolation method is used. As mentioned above, the solution of the advection process with the method of characteristics is independent of time. Therefore, there is no time discretization error, only an interpolation error in the solution. The magnitude of
this error depends on the order of the interpolation method. Taking into account this fact cubic spline polynomials method which has negligible interpolation error is used. Cubic spline polynomials can be written as follows:
where C i is the concentration value at the nodal point x i and α i , β i , γ i are the polynomial coefficients which have to determined by using known concentration values at time level n. The detailed discussion about construction of the cubic spline polynomials and calculation of coefficients in the polynomials is given [21] .
After the polynomials are constructed in Eq. (8), the concentration values at the time level n+1 can be calculated by equation as follows:
The result of Eq. (9) gives the solution of the advection process.
Saulyev method for diffusion process
Even though Saulyev method is an explicit one, it has an the advantage of using a value at the next time level which improves the quality of the solution. Also, there are two ways of conducting Saulyev method such as from left to right and from right to left. In this study from left to right version is used. Discretization of the diffusion process given in Eq. (4) with the Saulyev method as follows:
Due to the usage of the Saulyev method, the left-hand side derivative at time level n is replaced with the derivative at time level n+1. A similar procedure can be applied for from right to left version of the Saulyev method.
The approximations used for the spatial discretizations of the derivatives in Eq. (11) and time discretization of the time derivative in Eq. (4) as follows:
By putting these equations together the solution of the Eq. (4) is attained, diffusion process, with the Saulyev method as follows:
where θ=∆t/∆x 2 .
The term at time level n+1 at ৻=1 in the right-hand side of Eq. (15) is unknown. However, the first term,
, is known by the boundary condition of the problem.
Then for i>1 the unknown term
is calculated from Eq. (15), hence this method is an explicit method.
Convergence analysis of the method
To prove the convergence of the operator splitting method we have to show that the sequence which is obtained by the given method approaches to zero. By this sense, the notation of ∆t represents a proportional value throughout the analysis. However, in the computational part for t 0 and t end any value can be chosen any value. It means that in computational part ∆t is taken from [t 0 , t end ] whereas in the analysis part it is considered in ሾ0, 1ሿ.
Due to the process of the Lie-Trotter splitting method the error obtained by solving C 1 is effecting the error of the solution of C 2 . The error obtained in one-step solution is effecting the solution obtained from the next step. Thus, it is expected that the error for operator splitting methods cause a cummulative error at the end of the procedure. For this purpose, we shall give the error bound of both techniques defined in Section 2.2 and 2.3. Lemma 1. The error bound for one-step method of characteristics given in Section 2.2 is
Proof. Using Eq. (7) and the relation ∆x=U∆t
Due to the availability the nature of the advection equation, the former equation is solved by the method of characteristics. That is,
Lemma 2. The error bound for one-step method of Saulyev method used for diffusion part of the Eq. (2) in Section 2.3 is
where C 2 i represents the i th iteration.
Proof. The proof can be found in [22] . We note that ∆t 2 and ∆x 
Proof:
To show the convergence of the Lie-Trotter operator splitting method we will use the induction technique. For the sake of brevity, we studied on [0, ∆t].approp
Substituting the Eq. (19) into Eq. (20) yields
After taking the one-step solution, w 0, as the initial condition of the second-step, that is on ሾ∆t,2∆tሿ, we have
To get a general expression we use induction technique which leads to
The convergence result of the Lie-Trotter method combined with method of characteristics and Saulyev method arises from the standard technique, that is
Taking appropriate norm of both sides and using the Cauchy-Schwartz inequality
Using the condition ቚ . These inequalities guaranteed that
Due to the condition 0<∆t<∆x<1, which has to be satisfied for the stability of the Saulyev method, we have
By taking C n+1 :=C 2 n+1 the proof is concluded with the following relation
Numerical applications
In this section, the proposed method is applied to one-dimensional advection-diffusion problems which have the different types of characteristics such as sharp gradient and smooth behavior. For the sake of clarity we note that the values of ∆t in this section are different from those in analysis part. Also, the efficiency of the MOC-CS-Saulyev is tested for different Courant numbers. Comparisons of obtained results with the analytical solution and other solutions which are available in the literature are discussed. In these comparisons computed concentration values and error norms are used which are defined as follows: is taken. Analytical solution of this problem is given as follows [23] :
Boundary conditions of the problem are taken as follows
The initial condition of the problem can be obtained from Eq. (35) by using t=0.
Comparison of obtained result with MOC-CS-Saulyev and analytical solution of the problem can be seen from Figure 2 . Also, the sharp behavior of the problem is clearly shown. The spatial step size ∆x=1 m is taken for all the calculations conducted for this problem throughout the study. Also, maximum calculation time is picked as 3000 s. As it can be seen from Figure 2 the coordinates of the critical concentration values of the problem are between 18 m to 42 m. This makes sense when we consider the fact that the maximum computational time is 3000 s.
For the obtained results in Table 1 temporal step size is taken as ∆t=1 s because of the advection dominance of the problem where Pe=5. Even though MOC-CS-Saulyev has a lower order of accuracy than the sixth order compact finite difference methods, the results are so close to each other. Table 2 shows the results for temporal step size ∆t=10 s. With this relatively small change in the temporal step size is enough to diverge the solutions of the numerical methods from the analytical solution. MOC-CS-Saulyev produced the best results in the comparison. Also, this can be seen by checking the error norm values in which MOC-CS-Saulyev has the smallest. Table 3 , the temporal step size is taken ∆t=60 s. Table 3 indicates that the proposed method is in a perfect agreement with the analytical solution. [24] Cሺx,tሻ= 1
subject to the following boundary conditions
The concentration values at the boundaries should be updated in each temporal step size in the solution algorithm. Initial condition of the problem can be calculated by taking t=0 s in Eq. (38).
MOC-CS-Saulyev, cubic B-spline collocation method and extended cubic B-spline collocation method are compared for different temporal step sizes in L ∞ -norm. And, Table 4 emphasizes that MOC-CS-Saulyev has produced better concentration value results compare to other methods as the value of ∆t increases. 
MOC-CS-Saulyev Initial condition Exact solution
The exhibited figure, Figure 3 , shows the smooth behavior of the exact equation and harmony of MOC-CS-Saulyev. While the advection process moves the peak concentration along the channel, the diffusion process spreads the concentration around.
In Table 5 , absolute peak error values for a wide range of Courant numbers are compared with RK4-CD6 method. RK4-CD6 has smaller absolute peak errors for Cr<1. This is expected because RK4-CD6 has sixth-order in space and fourth-order in time discretizations with a stability condition. Therefore, it can not produce results for Cr≥1.
Although MOC-CS-Saulyev has bigger absolute peak errors, it is unconditionally stable. Thanks to that it can produce solutions even when Cr is really big. When the results are examined it is seen that MOC-CS-Saulyev method has provided comparable low errors and acceptable results for all Courant numbers. 
Conclusions
This paper deals with a numerical solution of the advection-diffusion problem which contains two different type of processes such as advection and diffusion. Advection and diffusion processes are sequentially solved by method of characteristics with cubicspline interpolation (MOC-CS) and Saulyev method, respectively. These two methods are combined with the help of Lie-Trotter operator splitting method. The convergence analysis of the proposed method is studied as well as computational results. After the convergence issue is guaranteed the effectiveness of the proposed method is tested on two different types of one-dimensional advection-diffusion problems. The first problem has sharp gradient which makes it quite hard to solve accurately whereas the second problem has smooth behavior. Obtained results with the MOC-CS-Saulyev method are compared with the analytical solutions of the problems and the results of other researchers available in the literature. It is seen that MOC-CS-Saulyev method, which is explicit one, has low error norm values and produces acceptable results even when the Cr is really big. As a conclusion, MOC-CS-Saulyev method can be adapted in a simple way to solve different types of advection-diffusion problems efficiently.
